Backward Rayleigh scattering in optical fibers due to the fluctuations that are "frozen-in" to the fiber during the manufacturing process may limit the performance of optical sensors and bidirectional coherent optical communication systems. In this manuscript we describe a comprehensive model for studying intensity noise induced by spontaneous Rayleigh backscattering in optical systems that are based on self-homodyne detection. Our model includes amplitude and frequency noise of the laser source, random distribution of the scatterers along the fiber, and phase noise induced in fibers due to thermal and mechanical fluctuations. The model shows that at frequencies above about 10 kHz the noise spectrum is determined by the laser white frequency noise. The laser flicker frequency noise becomes the dominant effect at lower frequencies. The noise amplitude depends on the laser polarization. A very good agreement between theory and experiment is obtained for fibers with a length between 500 m to 100 km and for a laser with a linewidth below 5 kHz.
Introduction
Optical fiber sensors and their applications have been intensively studied due to their advantageous attributes such as immunity to electromagnetic interference (EMI), light weight, small size, high sensitivity, and the ability to perform sensing over a very long distance [1] . Many of these sensors are based on self-homodyne detection in which the signal interferes with the output of the optical source in order to detect small phase changes. Distributed fiber sensors that are based on Rayleigh backscattering have also been intensively studied [2] .
Self-homodyne detection is also used in optical communication systems [3] . In such systems, the noise that is induced by Rayleigh backscattering may deteriorate the performance of bidirectional coherent communication systems [4, 5] since the backscattering adds significant low-frequency noise. The spectrum of backward Rayleigh scattering that is due to laser white frequency noise was calculated in [6] . For the case of self-homodyne detection, the noise spectrum was calculated in that work assuming that the coherence length of the laser, given by the laser white frequency noise, is significantly shorter than the fiber length. Recently, noise induced by Rayleigh backscattering has been experimentally studied using a self-homodyne detection scheme [7] [8] [9] . In these recent works, the laser coherence length can be long compared to the fiber length. Long coherence length sources have important applications to precise time and frequency transfer over optical fibers [10] . Thus, there is a need for a comprehensive model that is not limited to sources with a short coherence length.
In this manuscript, we present a comprehensive model to describe the intensity noise spectrum that is induced by Rayleigh backscattering in optical fiber systems that use self-homodyne detection. In these systems, noise is principally due to beating between the backward Rayleigh scattered wave and the source. The main effects that lead to backscattered propagating waves in optical fibers are Rayleigh and Brillouin scattering. When the incident optical power in the fiber is weaker than a few dBm, the dominant effect is the spontaneous Rayleigh scattering caused by inhomogeneities in the refractive index that are "frozen-in" during the transition of the liquid silica to the glassy state [11] [12] [13] [14] . The presence of these small-scale density fluctuations has been validated by small-angle x-ray scattering measurements of the silica glass [15] . The density fluctuations can be used as a unique fiber signature, since the scattering pattern does not change over a long period of years [16] , unless some external strain or temperature is applied [17] .
Our comprehensive model takes into account various effects that are required to accurately model self-homodyne detection of backward Rayleigh scattering in optical fibers. In particular, we include in the model the flicker frequency noise of the laser. This noise source, which was not considered in previous models [4, 6] , strongly affects the Rayleigh backscattered wave. We also include laser amplitude noise, phase noise that is due to mechanical dissipation and thermal fluctuations in the optical fibers [18] [19] [20] , and the effect of random birefringence in fibers.
We show that the laser phase noise is converted into intensity noise due to beating of the Rayleigh backscattered wave with the source. The generated noise spectrum has a complex dependence on the frequency and on the spectrum of the laser source. The laser flicker frequency noise is the dominant effect at low frequencies, f < c/(2nL), where L is a fiber length, c is the speed of light in the vacuum, and n is the fiber refractive index. When the laser coherence length is longer than the fiber length, we find a complex dependence of the noise spectrum on the fiber. When the fiber length is longer than the laser coherence length, the noise spectrum is approximately a Lorentzian-shaped with a flicker noise component at low frequencies. For a laser with a long coherence length, the noise spectrum is multiplied by a factor that depends on the laser polarization and varies between 1/3 to 2/3.
The theoretical model was compared to experimental results that were obtained for a laser with a narrow linewidth below 5 kHz. We find good quantitative agreement between theory and experimental data at frequencies above 200 Hz for fiber lengths between 6 to 100 km. For shorter fibers with lengths between 500 m to 6 km, we only obtained good agreement at higher frequencies of more than about 500 Hz.
We also found that the phase noise that is due to mechanical dissipation and thermal fluctuations that is accumulated by waves propagating in the fiber [18] [19] [20] does not significantly affect the noise spectrum of the self-homodyne detected Rayleigh backscattering. Such phase noise is important in interferometric sensors where the difference between the two interferometer arms is on the order of centimeters [20] , so that the effect of laser phase noise is not significant.
Changes in the fiber that are due to fluctuations in environmental conditions will add a strong low-frequency components to the noise spectrum [21] . This noise can be modeled by adding it to the fundamental noise due to mechanical dissipation and thermal fluctuations in fibers. However, since environmental noise depends on the specific perturbation and fiber geometry [21] , we do not include it in our model. We attribute the discrepancy between theory and experiment at low frequencies below 500 Hz to this noise source.
For sufficiently high incident power, stimulated Rayleigh scattering may occur [7, 22, 23] . In our experiments, the Rayleigh backscattered power grew approximately linearly with the input optical power when it was changed between 0 to 15 dBm. We conclude that stimulated scattering was not an important factor in our experiments.
Rayleigh backscattering model
In this manuscript, we study the intensity noise spectrum that is induced by Rayleigh backscattering in a self-homodyne detection scheme that is pictured in Fig. 1 . This scheme was used in the experiments in [9] , as described in section 3. A continuous wave (CW) laser source is split into two waves by a fiber coupler. One of these two waves passes through a variable optical power attenuator and is then injected into an optical fiber that is terminated by an isolator. The backscattered Rayleigh wave propagates through the circulator into a coupler and interferes with part of the forward propagating source wave at the photo-detector input. The electrical signal is then obtained with an electrical spectrum analyzer.
We model the laser wave using a complex electrical field phasor:
with Fig. 1 . Schematic description of a system for self-homodyne detection of Rayleigh backscattering induced noise. A continuous wave laser is split by a coupler with power coupling fractions of r and q. One of the two waves (q) passes through a variable optical attenuator that controls the power that is injected into a long optical fiber with a length L. The fiber is terminated by an optical isolator to minimize reflections from the end. The backscattered wave from the optical fiber passes through an optical circulator, interferes with a part of the laser wave (r), and is detected by a pair of balanced photo-detectors. The output signal is measured with an RF spectrum analyzer.
where m(t) is a relative amplitude noise of the source, ψ(t) is a laser phase noise, ω 0 is the carrier frequency, and p s is a normalized Jones vector that denotes the laser polarization state [24] . The Rayleigh scattering is modeled by a complex backscattering coefficient κ (z) [6] that varies randomly along the fiber length z. The forward propagating wave experiences additive phase noise φ (z,t) due to mechanical dissipation and thermal fluctuations [18] [19] [20] , as well as loss that is described by a power loss coefficient per fiber length, α. Additional phase fluctuations are added by environmental perturbations [21] . The mean drift rate of this phase noise varies between 250 rad/s to 1000 rad/s for a 36.5 km fiber [21] . In this manuscript we do not consider this noise in our model, although it may in principle be added to the fiber phase noise φ (z,t).
The change of the field polarization vector along the fiber can be described for a quasimonochromatic wave using a Jones matrix P (z) [6] :
where p s is the normalized Jones vector of the source, p s (z) is the normalized Jones vector as a function of fiber position, T 1 is the Jones matrix that describes the polarization transformation from the laser to the fiber entrance at z = 0, and P(z) is the Jones transformation matrix for the fiber. The polarization state of light that propagates in optical fiber systems that do not use polarization preserving fiber and components will evolve in way that is not known because of birefringence in the fiber and other system components. The Jones matrix T 1 takes this unknown polarization rotation into account.
We define E F (z,t) as the forward propagating field at a location z, E z R as the field at the photodetector input caused by Rayleigh backscattering from a location z, and E R as total reflected field at the photo-detector input. The forward propagating laser field phasor at a length z along the fiber is given by
where Δn e (z,t) is a refractive index variation due to thermal and thermo-mechanical fluctuations in the optical fiber [18] [19] [20] and c is the speed of light in the vacuum.
Backward Rayleigh scattering in optical fibers is caused due to density fluctuations that are "frozen-in" during the manufacturing process. The field that is backscattered from a location z creates a signal at the photo-detector,
where P T (z) is the transposed Jones matrix that describes the backward propagation of the scattered wave [25, 26] , κ (z) is the local reflection due to Rayleigh backscattering, and T 2 is the Jones transformation matrix from the entrance to the fiber to the photo-detector.
The total reflected wave at the photo-detector is obtained by integrating the local reflections along the fiber and then substituting Eq. (4) into Eq. (5) to yield
where φ (z,t) denotes the total phase fluctuations induced by the fiber during the forward and backward propagation,
We assume that the phase noise φ (z,t) varies on a time scale that is significantly longer than the round-trip propagation time of the light in the fiber. Hence, the phase noise adds coherently during backward and forward propagation and the two terms in Eq. (7) are approximately the same. The total electrical field E(t) at the photo-detector is given by
where r and q are the complex coupling coefficients of the coupler that is connected to the laser, so that |r| 2 + |q| 2 = 1, l is the fraction of the field that is transmitted by the variable attenuator, and γ 0 is a constant phase offset. The matrix T ref is the Jones matrix that describes the polarization transformation from the source to the photo-detector, and we define
A photo-detector converts the optical field into an electrical voltage [27] ,
where |E(t)| denotes the amplitude of the field vector, A eff is a fiber effective cross-section area, η is photo-detector conversion efficiency, ε 0 is the vacuum permittivity, and R is a photodetector resistivity.
To analyze the RF spectrum of V RF (t), we first calculate the time-averaged autocorrelation function of Eq. (9),
To calculate Eq. (10), we use several simplifying assumptions:
1. The laser source is quasi-monochromatic with amplitude and frequency noise. The laser angular-frequency noise Δψ(t) is a zero mean Gaussian random process [28] . We denote its power spectral density S Δψ (ω), and we note that the laser phase noise at time t may be written ψ(t) = t 0 dTΔψ(T ). We also assume that the relative laser amplitude noise m(t), defined in Eq. (2) is a zero mean Gaussian process with a small amplitude [|m(t)| 1], and we write its autocorrelation function as r m (τ) = m(t)m * (t − τ) .
2. During the light propagation through the fiber, phase noise φ is added to the optical signal due to thermal and thermo-mechanical fluctuations in the optical fiber [18] [19] [20] . A model of both effects gives a very good agreement with the experimental data at frequencies as low as 30 Hz [20] . The amplitude of the frequency spectrum and hence the autocorrelation function of the phase noise depend linearly on the fiber length L, so that [20] 
The variables α 1 and α 2 and the function F (ω) depend on the fiber properties, optical wavelength, and the fiber temperature (See e.g. [20] ). We assume that the phase noise φ (z,t) varies on a time scale that is much longer than the round-trip propagation time of the light in the fiber. Hence, the phase noise adds coherently during backward and forward propagation and the auto-correlation function is four times larger than it would be with one way transmission.
Additional phase noise is added by environmental perturbations [21] . This noise is often significantly higher than the fundamental noise due to thermal and thermo-mechanical fluctuations in fibers, and it may also have a mean drift rate [21] . However, since this noise depends on the specific environmental perturbations and fiber geometry [21] , we do not include it in our model. In principle, it can be directly added to the fundamental phase noise induced in fibers, denoted by φ in Eq. (7).
3. Rayleigh scattering in fibers is created by material density fluctuations that are "frozenin" during the transition of the glass from liquid to solid state [11] [12] [13] [14] [15] 29] . It has been shown that these fluctuations do not change over a period of years [16] , except when slowly varying external effects cause some shift in the scattering spectrum [17] . In a single experiment only one fiber with a specific realization of the Rayleigh scatterers is used. However, slow additive phase noise due to environmental changes and slow frequency noise of the laser source cause temporal fluctuations of the Rayleigh backward wave [30] . Assuming that the measurement duration is sufficiently long, the ensemble average of the Rayleigh scattering coefficients can be replaced by its time average. Hence, we assume that backscattering coefficient per unit of length κ(z) are randomly distributed along the fiber and can be modeled by a complex white Gaussian zero mean random process, whose real and imaginary parts are statistically independent [6, [30] [31] [32] ,
where denotes time average on the order of a second that is longer than typical time associated with phase changes due to environmental perturbations.
4. We neglect amplitude to phase (AM-PM) and amplitude to amplitude (AM-AM) noise conversion in the photo-detector. Recent measurements of the noise conversion coefficients (see [33] , Fig. 6 ) indicate that for sufficiently low incident optical powers (P in < 1 mW) the AM-AM noise gain is very close to unity, and the AM-PM noise gain is negligible. The photo-detector shot noise was added to our numerical calculations as an independent noise that depends on the average power.
5. We assume that there is no polarization-dependent loss in the system [34] , so that all the Jones matrices, T 1 , T 2 , T ref , and P(z) are unitary [26] . It follows in particular that P † (z)P(z) = P −1 (z)P(z) = I, where I is the identity matrix. We also assume a lowbirefringent fiber with length that is much longer than both the polarization beat length (L B ) and the polarization correlation length (L C ) as defined in [34] .
6. We assume that the different noise sources (laser amplitude noise, laser phase noise, fiber phase noise, fiber scattering coefficients, and random fiber birefringence) are statistically independent. We also assume that all the time-varying random processes are stationary and ergodic. Hence time-average can be replaced by an ensemble average.
Substitution of Eq. (8) into Eq. (10) yields a sum of 16 terms; however, due to statistical properties of the backscattering coefficient κ, only six of them yield a non-zero results that depend on τ [35] ,
The first term in Eq. (13), |rE s (t)| 2 |rE s (t − τ)| 2 is due to a direct contribution of the laser intensity noise, so that
where the r m (τ) is the autocorrelation function of the laser amplitude noise that we previously defined. The second term |lqE R (t)| 2 |lqE R (t − τ)| 2 is caused by the Rayleigh backscattered intensity noise and it is on the order of σ 4 κ . A detailed statistical analysis of this term is given in [6] . Since the Rayleigh backscattering intensity is low, this term can be neglected with respect to the beating terms analyzed next that are on the order of σ 2 κ . The third and fourth terms are due to beating of the laser and the backscattered intensity noise,
The last term in Eq. (13) results from the phase noise in the source signal and the Rayleigh backscattered signal that are converted into intensity noise due to the beating between the two waves,
where
is the auto-correlation function related to the phase noise induced in the fiber, and
is a random variable that describes the effect of the polarization change of the backward Rayleigh scattering due to the beating with the source wave. Equation (18) can be written using the Stokes unit vector s(z) of the reflected field from a location z [36] ,
where 2) into Eq. (16) gives
is the autocorrelation function of the laser phase noise. We now use the definition of the power spectral density of the angular-frequency noise
where Δψ(t) = dψ(t)/dt. We also use our assumption that Δψ(t) is a zero-mean, ergodic Gaussian-distributed random process and recall the general relation exp
, where x(t) is any zero-mean, Gaussian-distributed real random process [35] . We then find [37]
where τ z = 2nz c is the propagation delay from the reflection at z.
Since the laser intensity noise m(t) is a zero mean Gaussian process with a small amplitude [|m(t)| 1], Eq. (20) can be approximated using the properties of a Gaussian moments [35] ,
Using the relation between the optical power and field P 0 = 1/2A eff cε 0 n|E 0 | 2 and substituting Eqs. (14), (15), (16) and (24) into Eq. (13), the autocorrelation function of the detected electrical signal becomes
where we have dropped O(r 2 m ) terms, and P in denotes the optical power at the entrance of the fiber. The first term in (25) results in from the laser amplitude noise, the second term results in from the beating between the laser and Rayleigh backscattered wave, and the last term from the beating between the laser and Rayleigh intensities. The result of Eq. (25) does not depend on the phase offset γ 0 .
For a balanced photo-detector, as depicted in Fig. 1 , the intensity noise of the laser source and the Rayleigh backscattering will be partially canceled [38] , and the significant term will correspond to the beating between the laser and the Rayleigh backscattered noise. Therefore, Eq. (13) will take the form
and we then obtain
In a typical laser, the angular-frequency noise spectrum S Δψ (ω) is composed of white noise with a spectral density S 0 and flicker noise with a spectral density k/|ω| [37, 39, 40] :
Substitution of Eq. (28) into Eq. (23) yields
Performing the integrations in Eq. (30), we obtain the autocorrelation function for the laser white and flicker frequency noise [41]:
Computational results
We have calculated the noise spectrum that is induced by the backward Rayleigh scattering by solving Eq. (27) . The integration in Eq. (27) was performed with a fiber length resolution of 100 m and a time resolution of 0.1 μs. We have verified that increasing the time and length resolution did not significantly affect the results. We assumed that a balanced photo-detector is used, and we therefore neglected the laser intensity noise that is directly added to the detected spectrum.
Equations (25) and (27) contain a function T P (z) that varies along the fiber due to random birefringence in fibers. In this paper, we study the noise spectrum that is caused by a laser with a long coherence length, so that the function R S Δψ (ω) (z, τ) in Eqs. (25) and (27) does not change significantly on a short length scale that corresponds to the polarization beat length L B and the polarization correlation length L C of the fiber, as defined in [34] . This short length scale is on the order of tens of meters [46] while the coherence length of the laser is on the order of kilometers. Therefore, T P (z) can be approximated in Eqs. (25) and (27) by its spatially-averaged value T P 0 , as shown in Appendix A. We find that T P 0 varies between 1/3 to 2/3, depending on the polarization of the source and on the details of the experimental configuration. We note however that if the measurement time is short compared to the time on which the relative phases between the Rayleigh back-reflections change due to environmental effects, then we expect T P 0 to vary between 0 and 1. In the remainder of this paper, we set T P (z) = 2/3 in Eqs. (25) and (27) . Figure 2 shows the calculated power spectral density from Eq. (27) (black curve) and the result without adding the flicker noise of the laser (red curve) for a 2-km long optical fiber with parameters that correspond to Corning SMF-28 fiber. We use a fiber loss coefficient α = 0.19 dB/km and a Rayleigh backscatter coefficient at 1550 nm wavelength for a T = 1 ns pulse width that is equal to −82 dB [42] . Using Eq. (6) and assumption 3, the optical power that is reflected from a fiber section with a length cT /n equals P B = P in σ 2 κ cT /(2n). Hence, the variance of the local reflection coefficient κ is given by σ 2 κ = 2n(P B /P in )/(cT ) = 6.1 × 10 −8 m −1 , where n = 1.45 is the refractive index of the fiber.
The laser had a white angular-frequency noise parameter S 0 = 3. (27) (black curve) for a 2-km fiber in a self-homodyne detection system. The polarization factor T P (z) was approximated by its spatially averaged value 2/3. The figure also shows the spectrum in case that the laser flicker noise is set to zero (red curve). The coherence length of the laser, as defined by a laser white frequency noise source (76 km) is longer than the fiber length (2 km). The laser linewidth for a 1 ms observation time is approximately 3 kHz. The fiber parameters correspond to Corning SMF-28 fiber.
at the entrance of the fiber is P in = 0 dBm, the photo-detector efficiency is η = 1 A/W, and the electrical resistance is R = 50 Ω. These parameters correspond to the laser and fiber parameters that were used in our experiment, as described in section 3. An additional high-frequency phase noise that is unique to the laser used in our experiments, was not added to the results given in this section. This noise source was added in section 3 in which we compare the theoretical and experimental results.
The parameters of the phase noise induced by the fiber (see "Table II" in [20] ) are α 1 equals to 1.9 × 10 −16 rad 2 /Hz/m and α 2 equals to 2 × 10 −12 rad 2 /m.
The power spectral density of the detected signal was normalized by the RF power at the photo-detector: |r| 2 |P 0 P in R 2 η 2 . The relative intensity noise of the laser was modeled by an empirical fit to the measured noise: RIN( f ) = −100 − 12 log 10 ( f ) (dBc/Hz).
The spectrum shown in Fig. 2 can be divided into two frequency regions. At high frequencies for which f > c/(2Ln), the spectrum is determined by the laser white frequency noise and the slope of the spectrum equals 1/ f 2 . At frequencies between about 200 Hz to c/(2Ln) the spectrum is affected by the laser flicker frequency noise and its slope equals about 1/ f . We will show that, as the fiber length increases, the laser flicker frequency noise becomes the dominant effect at low frequencies, and it has a complex dependence on the fiber length.
In the numerical calculations, we did not observe a significant effect of the fiber phase noise due to the thermal and mechanical fluctuations on the noise spectrum. In [20] , the phase noise was measured in an interferometric system where the difference between the interferometer arms length was a few centimeters and hence the effect of the laser frequency noise is very small. In our system, the length difference between the two interferometer arms can be on the order of kilometers and hence the dominant noise is the laser frequency noise, so that in our experiments R fiber (z, τ) ≈ 1.
Comparison with the experiment results
We have validated the model by comparing its results to measurements conducted in experiments that are described in [9] . The experiment setup is shown in Fig. 1 . The source in the experiments was a long coherence laser-"Teraxion-NLL" with a specified linewidth smaller than 5 kHz [44] . The corresponding coherence length, as defined only by the laser white frequency noise was about 76 km [45] . However, the laser linewidth is broadened by the laser flicker frequency noise and it approximately equals 3 kHz for a 1 ms measurement duration [43] .
In the experiments the fiber length was varied between 500 m to 173.4 km and the variable optical attenuator was adjusted to provide an input power of 0 dBm. The coupling coefficients |r| 2 and |q| 2 were 0.25 and 0.75 respectively and the spectrum was measured by using an electronic cross-spectrum analyzer.
In addition to a white and flicker frequency noise, our experiments had additional highfrequency noise [44] . We add this noise to our model in order to obtain a good comparison between theory and experiments at frequencies above 100 kHz.
The laser angular-frequency noise was modeled by
The parameters were chosen to obtain the best fit between theory and a direct measurement of the source [44]:
To include the additional high frequency noise contribution, Eq. (30) is modified to
where R HF (z, τ) is calculated from Eq. (34) using Eq. (23). Figure 3 shows the self-homodyne-detected backward Rayleigh spectrum, measured for several fiber lengths (solid blue curves). The experimental data is compared to the theoretical results (dashed green curves), calculated using Eq. (27) with T P (z) = 2/3. Good agreement between theory and experimental data is obtained at frequencies above 200 Hz for fiber lengths between 6 to 100 km. For shorter fibers with a length between 500 m to 6 km, a good agreement was obtained only at frequencies that are higher than 500 Hz. The measurements indicate the existence of a low-frequency noise source that is not included in our model. This noise source becomes more important as the fiber length decreases. By analyzing the experimental results at very low frequencies of about 10 Hz, we find that the power density of this noise source grows linearly by about 4 dB per kilometer when the fiber length is changed between 500 m to 3 km. For longer fibers (6 − 100 km), the power of this noise source is approximately constant. Also, the spectral shape of this low frequency noise does not change significantly as a function of the fiber length. This noise might be due to the receiver, due to excess low-frequency intensity noise of the specific laser used in the experiment, or due to environmental noise. For fibers longer than about 6 km, the noise induced by the laser flicker frequency noise becomes the dominant noise source at frequencies as low as 200 Hz.
We have also compared the theoretical and experimental dependence of the power spectral density on the fiber length at two specific frequencies as shown in Fig. 4 . A very good quantitative agreement is obtained for fiber lengths between 500 m to 20 km. We find that the noise at a frequency around 1 kHz, where the laser flicker noise is the dominant noise source, grows as a function of the fiber length as L 2.4±0.1 . The power dependence on the fiber length varies as a function of the laser frequency flicker noise amplitude.
At higher frequency f = c/(2nL), where the laser white frequency noise is the dominant noise source, the noise spectrum grows as a function of the fiber length as L 3±0.2 . This result is verified analytically using a simplified model that is given in the Appendix B. Comparison between theory (dashed green curves) and experiment (solid blue curves) for the noise power spectral density for various fiber lengths: (a) 2 km, (b) 6 km, (c) 10 km, (d) 20 km, (e) 58 km and (f) 100 km. The input optical power was 0 dBm. The parameters of the fiber and coupling fractions that were used in the numerical calculations are the same as given in section 2.1. A balanced photo-detector was used. The coherence length of the laser that was used in the calculations is 76 km, assuming white frequency laser noise and a total linewidth of 3 kHz for a 1-ms observation time. Good agreement between theory and experiments is obtained for fiber lengths greater than 6 km and all the fiber lengths at frequencies above 200 Hz. 
Conclusions
We describe a comprehensive theoretical model for studying intensity noise induced in optical fibers by spontaneous Rayleigh backscattering that is detected by a self-homodyne scheme. The model includes laser frequency noise, laser amplitude noise, random distribution of Rayleigh scatterers along the fiber, phase noise that is induced in the optical fibers due to thermal and mechanical fluctuations, and fiber loss. The results indicate that the dominant noise source at frequencies of about 500 Hz is the laser flicker frequency noise. At higher frequencies of about 10 kHz, the noise is dominated by the white frequency noise of the laser. We compared the calculated self-homodyne detected noise spectrum to experimental results for a laser with a linewidth of about 3 kHz. Although the noise spectrum due to Rayleigh backscattering has a complex dependence on the fiber length, a good agreement between theory and experiment is obtained for fiber lengths between 6 to 100 km at frequencies above 200 Hz. For shorter fibers with lengths between 500 m to 6 km, good agreement was obtained only at higher frequencies of more than about 500 Hz.
Appendix A-calculation of the average polarization coefficient T P 0 for a long coherence length laser
Equations (25) and (27) contain a function T P (z) that changes randomly due to the optical fiber's birefringence that varies randomly as a function of position. However, the fiber birefringence changes on a time scale that is larger than a few minutes even for long fibers with a length on the order of tens of kilometers [21] . The polarization change of waves and in particular backscattered waves in fibers with a random birefringence was modeled in [25, 26, 34] . In the case of a polarization maintaining fiber, the polarization of the reflected wave will be equal to the polarization of the incident wave as long as the input wave is linearly polarized along one of the principal axes of the fiber, and therefore T P (z) = 1 for all z. The integral in Eqs. (25) and (27) contains functions that change on different length scales.
The short length scale, on the order of tens of meters, corresponds to the fiber beat length and the fiber correlation length [46] . On the other hand, the laser coherence length for the laser used in the experiments and the fiber attenuation length 1/α are on the order of kilometers. Hence, the function T P (z) varies on a short length scale, while other functions in the integral vary on a long length scale. Assuming that the fiber length is significantly longer than the short length scale, the rapidly varying function T P (z) can be replaced in calculating the integral by its spatial average. This result can be obtained by using the first mean value theorem (see [41] , p. 1063). We calculate the integral by dividing the integration interval into sections, each with a length d, that is significantly longer than the short length scale and is shorter than the long length scale. Assuming that the section length d is sufficiently long, the function T P (z) can be approximately replaced in each section by its spatial average while the variation of the other functions in the section can be neglected. Therefore, the random process T P (z) in Eqs. (25) and (27) can be approximately replaced by its spatial average T P 0 that is calculated using Eq. (19) , so that
where s ref is the state of polarization (SOP) of the source wave at the photo-detector and
denotes a spatial average of the Stokes vector of the backscattered wave at any section along the fiber. To calculate T P 0 , we need to determine the spatial average s(z) z of the backscattered wave at the photo-detector. In [25] , the time average of the DOP of the backscattered wave was calculated for a laser with a coherence length that is significantly shorter than the fiber length. It was assumed that different reflections along the fiber are incoherently added so that the corresponding Mueller matrices of their reflections can be added as well. The average polarization of the backscattered wave was determined by the expectation value of the Mueller matrix. It was shown that the backscattered SOP is identical to the input SOP and the DOP reduces to 1/3 of the source DOP. It was also shown experimentally that the fluctuation of the backscattered wave decreases as the coherence length of the laser is decreased. In the experiments that are described in Sec. 3, the coherence length of the laser is longer than the fiber length. Nonetheless, the same result will hold as long as the measurement time is long compared to the time scale for environmental changes. In this case, we find T P 0 = (1/2) [1 + s ref · M 2 M 1 s 0 /3], which varies between 1/3 and 2/3, depending on the states of polarization of the reference and the reflected waves at the photo-detector. In the other limit where the detection time is short, we expect T P 0 to vary between 0 and 1.
In the calculated results given in this paper we set T P (z) = T P 0 = 2/3.
Appendix B -Simplified model for a laser with only a white frequency noise
It is possible to obtain a closed-form analytical expression for the self-homodyne detected noise spectrum of the Rayleigh backscattered noise. This approximation is accurate for high frequency noise [ f > c/(2nL)]. The analytical model is valid for a laser with an arbitrary coherence length. In the special case that the laser coherence length is significantly shorter than the fiber length, the spectrum approaches a Lorentzian shape as obtained in [6] . We observe in Fig. 2 that at high frequencies [ f > c/(2nL)] the main noise source contributing to the Rayleigh backscattered noise is the white frequency noise of the laser. Therefore, to obtain insight into the properties of the backscattered Rayleigh noise spectrum at frequencies greater than c/(2nL), we present a simplified model in which it is assumed that the laser flicker and amplitude noise can be neglected. In this case, Eq. (27)-(39) can be solved analytically to obtain a solution even when that the coherence length of the laser is longer than the fiber length.
The one-sided spectrum of the Rayleigh backscattered noise is defined as
where r(τ) is given by Eq. (25) . 
where u = 4σ 2 κ |r| 2 P 0 P in R 2 η 2 . A useful result is obtained by evaluating Eq. (40) at the frequency ω L = 2πc/(2Ln) in the limit that the coherence length of the laser is greater than the fiber length, i.e., 2LnS 0 /c 1, so that
and
In this limit, we find that ω L equals the noise bandwidth of the Rayleigh backscattered spectrum when the coherence length of the laser is greater than the fiber length. The noise amplitude at this frequency is proportional to L 3 . This dependence occurs for a laser with a coherence length that is longer than the fiber since a reflection from a location z that interferes with the laser source adds a noise power that is proportional to z 2 . Incoherent integration of the independent reflections along the fiber gives another factor of length resulting in a dependency of the noise power that is proportional to L 3 . In another case when the fiber length is much longer than the coherence length of the laser, Eq. (40) approaches a Lorentzian shape,
This result was obtained in [6] . In this case, the noise bandwidth does not depend on the fiber length, and the noise amplitude is proportional to L.
